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By means of a simple parameter sensitivity analysis, we demonstrate the effect of a low-viscosity layer
inserted inside a mantle of a hypothetical Earth on the timescale of large-scale and long-term true polar
wander. Here the timescale in our parameter study means the characteristic scale of viscoelastic readjust-
ment of the rotational bulge in the framework of the quasi-fluid approximation for the long-term reori-
entation of the Earth. Based on this assumption, we calculate the characteristic timescale and associated
viscoelastic tidal Love number with the effect of this layer in order to see the dependences on the viscos-
ity, depth, and thickness of the inserted layer. We also compute the characteristic timescale without this
layer for the sake of comparison. Our results indicate that the timescale strongly depends on the exis-
tence of this layer: positive dependences on its viscosity and depth and a negative dependence on its
thickness. We conclude that the low-viscosity layer has a strong impact on the characteristic timescale,
especially if this layer exists at the top of the mantle. Although a few previous studies on the small-scale
and short-term true polar wander have also suggested a possible effect of inserting a low-viscosity layer,
our study implies that the sensitivity to the low-viscosity layer over a long timespan is not necessarily the
same as that over a short timespan.

� 2014 Elsevier B.V. All rights reserved.
1. Introduction

1.1. Background

Large-scale and long-term true polar wander (TPW) on the
terrestrial planets, particularly the Earth and Mars, has been
theoretically and numerically investigated by several studies.
Some of the studies on the large-scale TPW (Spada et al., 1992a;
Spada et al., 1993; Spada et al., 1996; Ricard et al., 1993;
Richards et al., 1997; Richards et al., 1999; Greff-Lefftz, 2004;
Greff-Lefftz, 2011; Tsai and Stevenson, 2007; Rouby et al., 2008)
are based on the quasi-fluid approximation whereas the others
(Nakada, 2007; Nakada, 2008) are based on the iteration scheme,
in order to solve the polar motion equation, or the so-called
Liouville equation (Munk and MacDonald, 1960; Lambeck, 1980),
in the form of the non-linear equation. A few recent studies based
on the former approach (Harada, 2012; Creveling et al., 2012; Chan
et al., 2014) even consider the stabilizing effect of non-hydrostatic
figures memorized in elastic lithospheres (e.g., Willemann, 1984;
Matsuyama et al., 2006).
These theoretical and numerical studies on the large-scale TPW
are considered essential for a quantitative understanding of actual
long-term rotational evolution. For example, mainly based on
paleomagnetic circumstantial evidence, possible TPW events on
the Earth (e.g., Van der Voo, 1994; Maloof et al., 2006;
Steinberger and Torsvik, 2008; Mitchell et al., 2010a; Mitchell
et al., 2010b; Torsvik et al., 2012) and Mars (e.g., Sprenke and
Baker, 2000; Hood et al., 2005; Boutin and Arkani-Hamed, 2006;
Langlais and Quesnel, 2008) have been inferred. Such large-scale
TPW scenarios needs to be interpreted theoretically as well. The
above-mentioned TPW modeling enables us to physically examine
their validity (e.g., Creveling et al., 2012).

The reconstruction of the physical conditions which explain the
hypothetical TPW events is expected to further put some addi-
tional constraints on past thermal states of the planets. This is
because the TPW speed generally depends on the internal struc-
ture, especially the viscosity structure. In particular, in the case
of the long-term TPW, one of the factors governing its speed is
T1 (see the next section), that is, the characteristic timescales of
readjustment of the rotational bulge. This factor is determined by
the viscoelastic relaxation modes of the tidal Love number (e.g.,
Peltier, 1974; Wu and Peltier, 1982), and hence, by the viscosity
structure.
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In the conventional modeling of the large-scale TPW, heteroge-
neity on the viscosity structure of the mantle in terms of a poten-
tial impact of a low-viscosity layer (LVL), has not necessarily been
dealt with. In fact, a large variety of geophysical observations tells
us that the Earth’s interior may include one layer or more with a
large viscosity difference between its inside and outside, inserted
at the upper (e.g., Klein et al., 1997; Forte and Mitrovica, 2001;
Pollitz, 2003; Hearn, 2003; Dixon et al., 2004; Mitrovica and
Forte, 2004; Steffen and Kaufmann, 2005; Kawakatsu et al., 2009)
and/or lower (e.g., Nakada and Karato, 2012; Nakada et al., 2012)
part(s) of the mantle. In addition to the Earth’s mantle, there is a
similar possibility that the Mars’ mantle also possesses this kind
of remarkable viscosity contrast based on tidal dissipation (Bills
et al., 2005) and also the numerical simulation of the mantle
convection with the influence of water inclusion (Ogawa and
Yanagisawa, 2012). Nevertheless, in the previous studies, the vis-
cosity structure has been roughly averaged, and therefore,
assumed to include no mechanically-specific layer as above.

A few exceptional studies investigated the potential impact of
the LVL on relatively small-scale and short-term TPW induced by
the glacial isostatic adjustment (GIA). The exceptions are Milne
et al. (1998) and Nakada and Okuno (2013), each of which explored
the effect of the LVL inserted at the base of the upper or lower part
of the mantle, respectively, on the secular rotational variation of
the Earth. The impact of a shallower LVL on the TPW speed is small
while that on the secular variation of the rotation rate (i.e., _J2) is
large. In contrast, the impact of a deeper LVL on the TPW speed
is large while that on _J2 is small. Although the spatial and temporal
scales of the TPW in their studies are not the same as those
addressed here, it is considered to be possible that the LVL at some
depth also has a non-negligible influence on the speed of the large-
scale TPW.
1.2. Purpose

In this paper, we show how the characteristic timescale of the
large-scale TPW depends on the viscosity, depth, and thickness of
the LVL inside the mantle, by giving the internal structure of a sim-
plified Earth model, but with inclusion of an LVL effect. Here we
suppose the long-term TPW which timescale allow us to apply
the quasi-fluid approximation. Because the TPW speed strongly
depends on the parameter T1 for such a timescale as described
above, we focus on the dependence of T1 on the interior structure.
2. Parameters & methods

2.1. The characteristic timescale of readjustment of the rotational
bulge (T1)

Under a timescale long enough to allow the quasi-fluid approx-
imation, the magnitude of T1 represents the viscoelastic delay of
the hydrostatic readjustment with respect to the excursion of the
spin pole. The definition of T1 has been described in several papers,
such as Eq. (8) in Ricard et al. (1993), Eq. (3) in Spada et al. (1996),
and Eq. (5) in Greff-Lefftz (2004). This value has a dimension of
time and, in the case of the long-term TPW as mentioned in here,
affects the timescale in which the rotation axis settles to the equi-
librium position.

Regardless of the presence or absence of the stabilizing effect
due to the non-hydrostatic form, T1 is one of the important
controlling factors to understand the characteristic timescale of
the large-scale and long-term TPW. For example, in both cases,
the non-linear Liouville equation is simplified as Eq. (82) in
Harada (2012) for an axially symmetric load. This equation makes
it clear that, for a certain load evolution, a larger T1 results in a
slower TPW. This tendency is even more obvious in the analytic
solution for a linearly increasing load, for example, shown in Eq.
(7) in Spada et al. (1996) and Eq. (100) in Harada (2012) for the
case without the non-hydrostatic effect. In such a simple load for-
mation, the TPW timescale is mostly proportional to T1 if the time-
scale of the load formation is relatively short (if not, the
viscoelastic delay related to T1 is no longer dominant, and thus
the TPW timescale is controlled by the loading timescale). This
point is nearly the same even considering the non-hydrostatic
effect due to the elastic lithosphere as in Eq. (103) in Harada
(2012).

The objective of the present calculation is mainly to clarify the
sensitivity of this T1 value to the LVL effect. As in the definition
cited above, T1 is not simply expressed as the sum of the relaxation
timescales (i.e., �1=si) of the viscoelastic modes. Rather, in T1, each
of the relaxation timescales is associated with its relaxation
strength (i.e., �ki=si) for tidal deformation assigned as a weighting
factor. As a consequence, T1 is not generally equal to the viscoelas-
tic timescale of the tidal deformation itself although a uniform
Newtonian (not Maxwellian) planetary body is an exceptional case
(e.g., Tsai and Stevenson, 2007) as derived in Appendix A.3 of
Harada (2012). All of the timescales and strengths for the relaxa-
tion modes reflect the internal structure, that is, the density, elas-
ticity, and viscosity profiles. This structure dependence of T1,
especially on the viscosity structure, is investigated by defining
the parameter sets as described below.

It should be mentioned here that any driving force for TPW is
out of scope in the present study. In fact, as shown in Eq. (16) in
Ricard et al. (1993) and Eq. (1) in Spada et al. (1996), the timescale
is directly proportional to the difference between the maximum
and minimum moment of inertia C � A as well as T1, and also
inversely proportional to excitation E. That is, the real time con-
stant of TPW is T1ðC � AÞ=E rather than T1. In general, depending
on how large this normalized excitation E=ðC � AÞ is, the actual
TPW timescale is a few orders of magnitude longer than T1. How-
ever, as mentioned already, the aim of this study is to focus just on
T1 under the LVL effect. Therefore, E=ðC � AÞ is not discussed in
here.

2.2. Invariable parameters: Density and elasticity profiles

The baseline density and elasticity structure model of the Earth
for the present calculation is given in Table 1. This is exactly the
same as that used in Bills and James (1997), following those orig-
inally used in Yuen et al. (1983) and Sabadini et al. (1984). See
Table 1 of Bills and James (1997), although the viscosity structure
in their table corresponds to the model Y2121 in their notation, not
Y2122 as shown in Table 1 in here. For numerical convenience, as
in this table, a largely simplified model compared to more realistic
models (cf., Gilbert and Dziewonski, 1975; Dziewonski and
Anderson, 1981) is assumed in the computation. Also, assumed
for each solid layers are incompressible media, and therefore only
rigidity is given as an elastic modulus. However, this simplification
does not necessarily affect the validity of the subsequent discus-
sion since the main aim at the current time is just to see the poten-
tial impact of the LVL.

2.3. Variable parameters: Viscosity profiles

The baseline viscosity structure model of the Earth for the pres-
ent calculation is also given in Table 1. This is exactly the same as
that defined in Nakada and Karato (2012). See R0 shown in Fig. 1 of
Nakada and Karato (2012). Once again, for the sake of the calcula-
tion based on the assumption of incompressibility, the viscosity
profile is simplified as well as the density and elasticity profiles,
except for the presence of the LVL as mentioned below. In this



Table 1
The baseline interior structure model adopted in the present study, where the
rheological boundaries are assumed to be the same as the chemical ones.

Y2122 Radius (km) Density (kg m�3) Rigidity (GPa) Viscosity (Pa s)

Crust 6371 2771 31.5 Infinity

Mantle
Upper 6271 4120 95.4 1021

Lower 5701 4508 199.0 1022

Core 3480 10925 0

Fig. 1. (a) Dependence of the characteristic timescale T1 of true polar wander on
viscosity of a low-viscosity part inserted into the upper mantle. The different curves
represent the different low-viscosity models defined in Table 2. (b) Same as (a) but
with a low-viscosity part inside the lower mantle.
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viscoelasticity structure model in Table 1, the rheological bound-
aries between the lithosphere and asthenosphere and the astheno-
sphere and mesosphere are implicitly assumed to be the same as
the chemical ones between the crust and mantle and the upper
and lower mantle, respectively.

The LVL models inserted into the above baseline model are
given in Table 2. Among them, the depth ranges of R1 to R5 are
exactly the same as those defined in Nakada and Karato (2012).
See R1 to R5 shown in Table 1 of Nakada and Karato (2012),
although the viscosity ranges in their table are not the same as
those shown in Table 2. Since the most important key is the depen-
dence on the viscosity of the LVL, these viscosity values cover wide
ranges of six orders of magnitude. In addition to R1 to R5, much
thinner LVL models with the same viscosity ranges are also taken
into account for considering the effect of a thinner thickness. Each
thickness of the thinner models R10 to R50 is one-tenth that of R1 to
R5, respectively. More extreme models RU and RL are also consid-
ered such that either of the viscosity over the whole upper or lower
mantle is uniformly reduced. Although not all of the various
models are realistic, it is still worth considering also unrealistic
cases for a better physical understanding.

By using these viscosity profiles, in conjunction with the density
and elasticity profiles, the viscoelastic tidal Love number is numer-
ically derived for each internal structure. A suite of the relaxation
modes corresponding to each viscosity profiles is computed via
the normal mode method (e.g., Peltier, 1974; Wu and Peltier,
1982), especially by using the fundamental matrix (e.g., Spada
et al., 1992b; Vermeersen et al., 1996) for incompressible deforma-
tion. The number of the relaxation modes computed here is four
times the number of the viscoelastic layers. For example, twelve
and sixteen modes are estimated for R1 (with three viscoelastic
layers) and R20 (with four viscoelastic layers), respectively. Among
all of the modes found in here, any mode with a negative strength
is regarded as a computational mode with no physical meaning,
and is therefore ignored. In addition to such non-physical modes,
any mode with a timescale longer than ten billion years is also neg-
ligible since it will never relax within a realistic timespan.
Although the exclusion of these modes slightly changes the fluid
Love number, the impact of this slight change on T1 is negligibly
small, and therefore is not considered in here.
3. Results

3.1. Dependence on the viscosity structure of the upper mantle

The effect of the low-viscosity structure in the upper mantle is
shown in Fig. 1 (a). The calculation results clearly demonstrate
strong dependence of T1 on the presence of the LVL, particularly
the positive dependences on its viscosity and depth and the nega-
tive dependence on its thickness. In particular, the shallowest LVL
models (i.e., R1 and R10) dramatically reduce the T1 timescale. For
example, even if the LVL viscosity is only two to three orders of
magnitude smaller than the baseline viscosity, the T1 timescale
becomes less than about a half of that for the baseline model. In
addition, each curve converges to a constant T1 value for the lower
viscosity side, which is almost the same as that of the RU model.
Also for the higher viscosity side, all of these curves converge into
the other constant T1 value as each viscosity value approaches its
maximum value. The latter convergence results solely from the
present parameter setting, in which the maximum values of the
viscosity ranges for all of the LVL models are defined as the same
as that of the baseline model.

3.2. Dependence on the viscosity structure of the lower mantle

The effect of the low-viscosity structure in the lower mantle is
shown in Fig. 1 (b). The structure dependence on the lower mantle
is basically the same as that on the upper mantle as described
above. However, the dependence of T1 on the depth is much
greater, especially for the low viscosity side, where there is no con-
vergence. For example, the R3 model indicates the T1 value which
is relatively close to that of the RL model for the lower viscosity
side whereas the R5 model indicates no significant sensitivity.
4. Discussion & conclusions

4.1. Physical interpretation on the present results

The present calculation results indicates that, for any LVL inside
a planetary body, a lower LVL viscosity corresponds to a faster TPW
speed. The reason of this tendency would be because the presence
of the LVL shortens the relaxation timescales of the viscoelastic
modes on the whole. In addition to the viscosity, if the LVL
becomes thicker, the relative strength of the short-term and



Table 2
A low-viscosity part inserted into the baseline model.

(a) A multi-layered mantle with a thick low-viscosity layer

R1–R5 Depth (km) Viscosity (Pa s)

Mantle

Upper
R1 100–400 1015–1021

R2 400–670

Lower

R3 791–1091 1016–1022

R4 1691–1991
R5 2591–2891

(b) A multi-layered mantle with a thin low-viscosity layer

R10–R50 Depth (km) Viscosity (Pa s)

Mantle

Upper
R10 100–130 1015–1021

R20 400–427

Lower

R30 1061–1091 1016–1022

R40 1961–1991
R50 2861–2891

(c) A two-layered mantle with no low-viscosity layer

RU & RL Depth (km) Viscosity (Pa s)

Mantle
Upper RU 100–670 1015–1021

Lower RL 670–2891 1016–1022
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long-term relaxation modes would become larger and smaller,
respectively. As a result, the inertia tensor variation with respect
to the centrifugal potential perturbation due to the TPW becomes
faster as well, and thus the characteristic timescale following the
excursion of the spin pole becomes shorter. In particular, if the
LVL viscosity is sufficiently low, this layer is considered to practi-
cally behave as a liquid layer in terms of the TPW speed. Under
such a condition, because the viscoelastic properties of this
liquid-like layer has no further contribution to T1, the T1 value gets
close to the constant timescale with varying LVL viscosity regard-
less of its LVL thickness. This is probably the main reason why
the T1 curves for the LVL models with the same depth (i.e., R1
and R10, and also R2 and R20) asymptotically approach the same
value in the results for a variable upper mantle structure.

The results also indicates that a shallower LVL depth corre-
sponds to a faster TPW speed. This trend would be caused by the
elastic support of the upper high-viscosity part over the LVL.
Indeed, if the LVL layer is regarded as liquid, its shape tends to fol-
low the change of the centrifugal potential with no rigidity, and
therefore deforms much more easily. At the same time, however,
the upper part resists this liquid-like deformation. If the LVL depth
is shallower, it means that the suppressing effect due to the upper
part is weaker. Moreover, if its depth becomes sufficiently shal-
lower, the elastic support becomes almost negligible. This is prob-
ably the main reason why the T1 curves for the LVL models even
with the different depths (i.e., between R1 and R2, and also R10

and R20) also approaches the same value for the variable upper
mantle given here.

The above dependence on the LVL models is more clearly dem-
onstrated in the time evolution of the viscoelastic tidal Love num-
ber in Fig. 2 (a1) and (b1). These results illustrate the viscoelastic
deformation with respect to the shallowest and deepest LVL mod-
els (i.e., R1 and R5, respectively, chosen as typical examples), in
response to constant external forcing defined as the Heaviside
function. The deepest one is similar to Fig. 8 of Nakada and
Okuno (2013). In both of the R1 and R5 models, a lower LVL viscos-
ity results in a faster viscoelastic deformation. It is also obvious
that the relaxation for the R1 model is much faster than that for
the R5 model.

However, it should be noted that the dependence of T1 on the
LVL viscosity seen in Fig. 1 is not necessarily consistent with that
of the Love number seen in Fig. 2 (a1) and (b1). For example, con-
sidering the R1 model, although T1 of 1021 Pa�s is more than two
factors of magnitude larger than that of 1019 Pa�s, such a strong
dependence can not be found in the time evolution shown in
Fig. 2 (a1). The reason is probably that the major relaxation modes
are dominant in the time variation of the Love number (especially
the M0 and C0 modes), whereas the minor relaxation modes with
their extremely long timescale (especially the M1 and L0 modes)
mainly governs T1 as has been suggested by several previous
parameter studies (e.g., Ricard et al., 1993; Vermeersen et al.,
1997; Mitrovica and Milne, 1998; Nakada, 2000). Actually, as
shown in Fig. 2 (a2), at the timespan after the major relaxation
(approximately from 106 to 107 years), the subsequent time varia-
tion due to the minor relaxation becomes faster with the LVL vis-
cosity reduction from 1021 Pa�s to 1019 Pa�s while it remains
almost constant for LVL viscosity values lower than 1019 Pa�s. This
tendency is consistent with the viscosity dependence of T1 in Fig. 1
(a). On the other hand, considering the R5 model shown in Fig. 2
(b2), there is no clear difference among the results for the different
viscosity values over the same timespan. Moreover, the lower vis-
cosity provides the larger modal strength in this timespan. This
trend means that, considering the weighting effect of the relaxa-
tion strengths, there is a positive effect on T1 at a lower LVL viscos-
ity. Nevertheless, the actual dependence of T1 on the LVL viscosity
is opposite as in Fig. 1 (b). Consequently, not only the slower relax-
ation mode but also the faster one should contribute to T1.

The above-mentioned deference between the faster and slower
modes regarding T1 can be clearly seen also in dependence of each
modes on the LVL viscosity (see �1=si;�ki=si, and ki=kf s2

i for R1 and
R5 in Fig. 3). Actually, variation of each relaxation strengths is not
so simple because one mode sometimes tends to partly absorb
another mode. This tendency is particularly remarkable when
one relaxation timescale approaches another relaxation timescale
depending on the parameter sweep. But still, the comparison
between Fig. 3 (a1), (a2), and (a3) for R1, or (b1), (b2), and (b3)
for R5, allow us to find that the two modes with the first and/or
second longest relaxation timescales always have largest contribu-
tion to T1 among all the modes. These two modes correspond to
M1 and L0, related to the transition zone and the elastic litho-
sphere, respectively. Although both of the relaxation strengths of
these two modes is not the largest, the weighted timescales in T1

are still relatively long, reflecting the longest relaxation timescales.
On the other hand, the modes with the larger relaxation strengths
like M0 related to the whole mantle and C0 related to the liquid
core do not make the largest contribution. However, for R5, the
weighted timescale of C0 is longer than that of L0. This difference
between R1 and R5 is probably because the shallower LVL interacts
more with the lithosphere whereas the deeper LVL interacts more
with the core.

4.2. Possible implication from the present results

The present parameter study tells us the non-negligible LVL
effect on T1 for the large-scale and long-term TPW of the Earth
under the quasi-fluid approximation. In particular, if the LVL exists
at about the top of the mantle, its effect largely reduces T1 depend-
ing on the thickness, even less than about a half of that without any
LVL. In general, not limited to the LVL, the low-viscosity part inside
the mantle makes the TPW speed more or less faster. For example,
most of the previous sensitivity analyses on the large-scale TPW
(Spada et al., 1992a; Spada et al., 1993; Spada et al., 1996; Ricard
et al., 1993; Richards et al., 1997; Richards et al., 1999; Greff-
Lefftz, 2004; Greff-Lefftz, 2011; Nakada, 2007; Nakada, 2008;
Creveling et al., 2012; Chan et al., 2014) have already investigated
the dependence of the characteristic timescale and/or time evolu-
tion on the viscosity contrast between the upper and lower parts of
the mantle. Still, considering the dependence on the LVL effect, the
two-layered viscosity model might be too simplified to infer the



Fig. 2. (a1) Time evolution of the viscoelastic tidal Love number for the shallowest low-viscosity layer model R1 among Table 2 (a) in response to a constant external forcing
expressed as the Heaviside function. (b1) Same as (a1) but for the deepest low-viscosity layer model R5. (a2) A close-up of (a1) at the end of its timespan. (b2) A close-up of
(b1) at the end of its timespan.
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viscosity structure by comparing the data-derived and model-
derived TPW scenarios (cf., Creveling et al., 2012).

The reduction of the TPW timescale due to the LVL is almost
proportional to the reduction of T1 when the viscoelastic readjust-
ment is dominant. In such a condition, the fact that the T1 time-
scale becomes less than half means that the resultant TPW
timescale also becomes less than half under the LVL effect. As
explicitly derived in Harada (2012), particularly in the first and
second terms of Eqs. (110) and (111), if the timescale of the load
evolution is relatively shorter, the total TPW timescale mainly
reflects the effect of the viscoelastic delay including consideration
of the load amplitude. Otherwise, the TPW timescale just reflects
that of the loading, that is, the rotational adjustment is almost
always hydrostatic with no viscoelastic delay.

How about the large-scale TPW driven by temporary loading?
As one example, apart from linear loading as derived in Spada
et al. (1996) and Harada (2012), suppose that the quasi-fluid
TPW due to oscillatory loading expressed as follows:

b tð Þ ¼
�b=2
� �

1� cos 2pt=sð Þ½ � if 0 6 t < s
0 if t P s;

(
ð1Þ

where t is time, b is normalized excitation, �b is its maximum value,
and s is duration of excitation. These definitions are the same as
those in Harada (2012) except for �b, which was defined as its final
value in Harada (2012). The feature of this excitation is not exactly
the same but somewhat similar to that discussed in Creveling et al.
(2012). For the sake of simplification, the stabilizing effect of the
fossil shape in the elastic lithosphere (e.g., Harada, 2012;
Creveling et al., 2012; Chan et al., 2014) is ignored, for example,
considering the case where the lithosphere has been completely
broken and lost its remnant bulge. This assumption might let us
underestimate the stabilization of the lithosphere (cf., Matsuyama
et al., 2007). But still, it would enable us to understand the behavior
of the solution more easily like that discussed in Harada (2012), by
deriving the analytic solution:

w tð Þ ¼ �a�
arctan exp �b t=s� 1=2pð Þ sin 2pt=sð Þ

T1=s

h i
tan �a

n o
if 0 6 t < s

arctan exp �b 1
T1=s

h i
tan �a

n o
if t P s;

8><
>:

ð2Þ

where w is a resultant TPW angle and �a is an initial load location as
an angular distance between the load and the original spin pole.
These definitions are also the same as those in Harada (2012). It
is obvious from the above solution that the TPW timescale is gov-
erned by the parameter �bs=T1 although this parameter can be seen
in the linear loading (e.g., Harada, 2012).

The dependence of the TPW angle on T1 for oscillatory loading is
basically similar to that for linear loading. As in Fig. 4 (a1) and (a2),
if this parameter is large enough to make the rotation pole reach
the equilibrium position:

lim
t!s

w tð Þ ¼ �a� p
2
; ð3Þ

the smaller this parameter is, the longer the timescale to reach the
equilibrium position is. If not, however, it is possible that the spin
pole will never reach the equilibrium state since the temporary
loading finishes before the complete excursion of the pole. For such
a case, as in Fig. 4 (b1) and (b2), the smaller this parameter is, the
smaller the final TPW angle is. In either case, depending on how
long T1 within �bs=T1 is, the time evolution of the TPW angle differs
accordingly.

The TPW timescale does not show such simple dependence as
interpreted above if the loading timescale is nearly comparable



Fig. 3. (a1) Dependence of each relaxation timescales �1=si on viscosity of a low-viscosity part for the shallowest low-viscosity layer model R1 among Table 2 (a). Each plots
have different colors for the sake of comparison with the other two panels shown below. (a2) Same as (a1) but for the relaxation strengths �ki=si . (a3) Same as (a1) but for the
weighted relaxation timescales ki=kf s2

i which contribute to the characteristic timescale T1 of true polar wander. (b1) Same as (a1) but for the deepest low-viscosity layer
model R5. (b2) Same as (a2) but for the deepest low-viscosity layer model R5. (b3) Same as (a3) but for the deepest low-viscosity layer model R5.
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to that of the viscous relaxation. This case also means that the
validity of the quasi-fluid approximation is not always guaranteed,
such as the secular polar motion driven by the GIA process. As
introduced already, in the previous parameter studies on the
small-scale and short-term TPW, Milne et al. (1998) found the
effect of the shallow LVL on the TPW speed to be almost negligible
(see their Fig. 4) while Nakada and Okuno (2013) found that of the
deeper LVL to be non-negligible (see their Fig. 2). Although our
results are inconsistent with both of their results, it is not so easy
to compare ours with theirs since the TPW timescale dealt with in
our analysis is much longer than that in their analyses. Probably, as
Nakada and Okuno (2013) commented, the sensitivity of the
GIA-induced TPW speed to the LVL viscosity might be quite
different from that of the quasi-fluid TPW mostly explained by
T1, especially by the contribution of the slow M1 mode.
Perhaps the above difference between the short-term TPW in
the previous analyses and the long-term TPW in this analysis is
simply explainable by considering the relaxation modes demon-
strated in Fig. 3. In the case of the short-term TPW, M1 is not effec-
tive because of its very small strength and also very long timescale.
As a result, other than M0, L0 or C0 is expected to be effective for
the shallower or deeper LVL (e.g., R1 or R5), respectively, in terms
of both the relaxation timescales (i.e., smaller �1=si) and strengths
(i.e., �ki=si). For example, Milne et al. (1998) considered the shal-
lower LVL in the viscosity range of about 1018.5 to 1020.5 Pa�s. This
range does not show us any large variation in the relaxation time-
scale of L0. As shown in Fig. 3 (a1), the timescale is longer than 105

years, which is relatively long considering the typical GIA
timescale. On the other hand, Nakada and Okuno (2013) consid-
ered the deeper LVL of 1018 to 1020 Pa�s. This range gives us some



Fig. 4. Time variation of a hypothetical true polar wander angle (the left vertical axis with the solid curves) as a function of time (the horizontal axis) due to oscillatory
loading (the right vertical axis with the dashed curve). For the sake of convenience, the sign of the vertical axis is replaced because the signs of the initial load colatitude and
the load size are set only as positive for simplification. Also, the horizontal and right vertical axes are normalized by the timescale of load formation and the maximum of load
evolution, respectively. The ten different colors of the curves represent a dimensionless quantity which controls how fast the viscoelastic readjustment of the rotational
bulge is.
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reduction in the relaxation timescale of C0 with the LVL viscosity.
This timescale is mostly shorter than 105 years as shown in Fig. 3
(b1). At least qualitatively, these trends might explain that Milne
et al. (1998) found almost no dependence on the shallower LVL
and that Nakada and Okuno (2013) found the non-negligible
dependence on the deeper LVL. In contrast to the short-term
TPW, the contribution from M0 and C0 is no longer dominant for
the long-term TPW discussed here since their relaxation timescales
are too short to stabilize the rotation. In this case, M1 and L0 with
longer timescales contribute to the stabilization dominantly. As a
consequence, the dependence on the LVL depth for the long-term
cases would be opposite to that for the short-term cases since
the shallower or deeper LVL affects M1 and L0 more or less,
respectively.

4.3. Open questions in the present study

For the sake of numerical convenience, the baseline structure in
this study has two assumptions, that is, no viscoelastic lithosphere
and no compressibility. These ideal cases should be reconsidered in
addition to the LVL effect. Concerning the former assumption,
Nakada (2000) previously examined the effect of the lithosphere
which is not purely elastic. In such a case, there is the possibility
of the interaction between the modes associated with density
contrasts inside the mantle (e.g., M1) and those related to a
viscoelastic lithosphere. On the latter assumption, it is difficult to
solve the eigenvalue problem in the framework of the classical nor-
mal modes. There are some exceptional cases which escape this
numerical difficulty through some specific treatments. For exam-
ple, Nakada (2002), Nakada and Okuno (2003), and Nakada
(2009) employed the iteration scheme to integrate the linear Liou-
ville equation by using the time domain approach (Hanyk et al.,
1995; Hanyk et al., 1996; Hanyk et al., 1999; Kamata et al., 2012;
Kamata et al., 2013), which has been also applied to the non-linear
Liouville equation (Nakada, 2007; Nakada, 2008). On the other
hand, Cambiotti et al. (2010) handled the linear Liouville equation
based on the continuous relaxation spectrum via the complex inte-
gral (Fang and Hager, 1994; Fang and Hager, 1995; Tanaka et al.,
2006; Tanaka et al., 2007; Cambiotti and Sabadini, 2010). In order
to investigate more realistic conditions, these treatments would be
more robust than the classical normal mode method.

The main subject in this study was only the LVL effect on the
Earth’s TPW. However, a possible viscosity structure with an LVL-
like heterogeneity might likewise affect Mars’ TPW (cf., Spada
et al., 1996; Rouby et al., 2008; Harada, 2012; Chan et al., 2014).
Indeed, one of the above parameter studies (Chan et al., 2014,
e.g., Fig. 10) demonstrated that the viscoelastic delay of the rota-
tional response on Mars is unimportant for the loading timescale
longer than about 106 years so that Martian rotation pole almost
follows the load evolution. However, another one (Harada, 2012,
e.g., Fig. 5) implied that the viscoelastic delay is effective if the load
amplitude is almost canceled by the possible non-hydrostatic
flattening stored in its elastic lithosphere. From this point of view,
it might be still worth considering the possible LVL effect on Mars.
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4.4. Final remarks

We conclude that the LVL inside the Earth’s mantle potentially
has a strong impact on T1, especially if the LVL exists at the top of
the mantle. In the previous modeling at least on the large-scale and
long-term TPW, the viscosity structure of the Earth’s mantle is lar-
gely simplified with no LVL effect. Here we calculated and dis-
cussed the LVL effect on the TPW timescale. Although the LVL
effect has already been investigated from the viewpoint of the
small-scale and short-term TPW, our result implies that, as for-
merly anticipated, the sensitivity to the LVL over the long timespan
is not the same as that of the short timespan.
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